Finite-amplitude, axially symmetric oscillations of small (0.2 mm) liquid droplets in a gaseous environment are studied, both experimentally and theoretically. When the amplitude of natural oscillations of the fundamental mode exceeds approximately I0oń of the droplet radius, typical nonlinear effects like the dependence of the oscillation frequency on the amplitude, the asymmet'ry of the oscillation amplitude, and the interaction between modes are observed. As the amplitude decreases due to viscous damping, the oscillation frequency and the amplitude decay factor reach their asymptotical values predicted by linear theory. The initial behaviour of the droplet is described quite satisfactorily by a proposed nonlinear inviscid theoretical model.
Introduction
The problem of oscillating droplets has been an object of intense study for more than a century, both to gain a theoretical understanding (Kelvin 1890; Chandrasekhar 1959 Chandrasekhar , 1961 Reid 1960; Prosperetti Ig77,I980a, Ó) and also in view of various technological applications (Valentine, Sather & Heideger 1965; Strani & Sabetta 1988) . The first mathematical model of linear droplet oscillations in vacuum in the case of an inviscid fluid is due to Rayleigh (1879) . The generalized linear solution of the problem which includes the influence of a surrounding medium is given by Lamb (1932) . The solution describes the instantaneous deformation of the droplet shape by an infinite series of the surface spherical harmonics, where each term of this function corresponds to one independent natural oscillation mode. The axially symmetric form of t'his solution is where Ę(cos 0) arc the Legendre polynomials, rBo is the unperturbed radius of the droplet, cł, is the instantaneous amplitude of the /th mode of oscillat'ion, and d is the polar angle of the spherical coordina,te system with its origin at the centre of the spherical drop. The frequency O, of the lth oscillation mode of a liquid drop in vacuum or in air is given by o?:
--L cl(t -I) (l + 2) where o is the surface tension of the droplet medium and p is its density. Subsequent linear analyses have included the viscosity of the droplet (Chandrasekhar 1959; Reid 1960) and,later, viscous effects of an outer fluid (Miller & Scriven 1968) . The derived general dispersion equation describes small-amplitude oscillations of the viscous (1) tq\ R(0. l): o.{' +i a,trl Ętcosal}. pR3 190 E. Beclłer. W. J. Hiller a,nd, T. A. Kowaleu;skź droplet, in the viscous medium. However for low-viscosity liquids (e.g. water, ethanol) and relatively Iarge droplets (fi. ) 50 pm) in dynamically inactive surroundings the general description simplifies and the so-called irrotational approximation, previously obtained by Lamb (1932) , applies. Then, the decay time and the oscillation frequency are given by ,,:,ęffi1 (3) and
Or: a/I_(Q,r,)_27ź.
The viscosity, lr, of the fluid reduces the natural oscillation frequency. This effect is of second order so that the frequency shift for low-viscosity liquids is negligibly small. Equation (3) shows that damping increases very quickly for higher oscillation modes. Therefore, in most cases the description of the droplet oscillation given by (1) is limited to the first few modes.
In their normal mode analysis of the initial motion of the viscous droplet in vacuum Chandrasekhar (1959) , Prosperetti (1980rł' ó) and Brosa (1988) found that for each surface mode an infinite discrete frequency spectrum exists. This is apparently due to the viscosity, which is responsible for the vorticity generation by a free moving surface. Hence, the initial behaviour of a viscous droplet may apparently deviate from the least-damped normal modes (Prosperetti 1977) which are described by a damped harmonic oscillation. Ilowever, asymptotically with time only these modes remain' Prosperetti (1980Ó) shows that'these viscous effects become negligibly small if the dimensionless viscosity4 l@,rR,)ź < 0.1..Ihis condition is fulfilled in the experiments presented here, therefore it is assumed that for small oscillation amplitudes the irrotat'ional approximation given by (3) and (4) still applies.
Nonlinear oscillations of a droplet were analysed by Tsamopoulos & Brown (1983) , but only for the case of inviscid liquids. Looking for strictly periodic oscillations they have found that the oscillation frequency of the fundamental mode decreases with increasing amplitude. The effect of small viscosity was incorporated into a nonlinear numerical study by Lundgren & Mansour (1988) 2.2. Analys'is o;f the droplet'images As we can observe onl;. the projection of a droplet, we must assume that its shape is convex and axially symmetric with respect to the nozzle axis, and that the axis of svmmetrv is parallel to the plane of observation (i.e. the sensor area of the camera). The three-dimensional form of a droplet is then completely defined by its contour R(0,t). We assume also that a limited number of modes (l-u") 
Jo 3 The value ofó, in practice, is very close to unity and therefore introduces only a slight modification into (1). However, this correction is needed for a precise determination of the volume of the droplets, which is not known a priori in the experiments. X'or fg1 il. Becker, W. J ' Hi'ller anil T' A' Kowaleu'rkt' the practical evaluation of the coefficients of (5) The amplitude damping is given by A,(t):,4o,exp (-t/r,). (8) Here, the term with a, accounts for the amplitude dependence of the oscillation frequency. p, represents the asymmetry of the amplitude ar(t), and Qo is the phase angle. A slight decrease of the droplet radius due to evaporation, observed during longer time sequences, is compensated with help of the normalization function ly'(f) defined in Appendix A (A 1).
The six free parameters: a7, l3,,,,, ś),, Tt', and,4o, were used to fit (7) and (8) To improve the fitting analysis given in $2.2, nine surface modes (l-u" : 10) arc used.
The mean fitting error for the first tv'ent1'-images of the stronglł;^dóformed clroplet is about 2.5oń but for thc following images reducos to 0.2oń. l'igure 6 shows thc measurea amptituAcs of the obselved droplet oscillations. The nonlinear cffects are cvident for all analysed modes. The fundamental mofle still has clearl5'-rogular oscillations but its frequency does not change monotonically in time: it incrcases initially and then decreases. Thus the asl'mptotic behaviour of ihis mocle could be analysed with the help of equations (7) and (8) The droplet oscillations at higher modes cxhibit nonlinearitics which cannot be anal;,sed with our simple approximation given by equations (7) and (g).
The following conclusions can be drau'n from our expcrimcntal investigation: (i) For small and moderate amplitudes of the fundamental moc]e the aśymptotic behaviour of thc drclplet oscillations can be well described with help of tńe simple model given in (7) and (8) . The resulting values of thc initial oscillatioi f,"qu",'.y ńcl damping factor corrcspond to those pror,'idecl by the linear theory. justifying its applicabilit;. for low viscosity liquids' To some extent. the approximatión ".óa nuta.
for the third mode. Thc quality cif the fit. hor'vever, is no ló'q". as good as for / : ż. For higher modcs lhis desr.ription bccomr.s unsa1isfacl orr.Jue to ń" prnnoun"..d mode intr.racl ion.
(ii) The nonlinearitv of the fundamental mode appears mainly in the form of a frequencv drift. Assuming a square dependence of the frequency on the amplitude, this decrease is described by the nonlincarity parameter ar. The value of arfound in our experiments is in the range of -0.6 to -0.g. For an initial amplitude Aor:0.68, rvhich-is about the highest r''alue lve observe in our experiments, tńe frequenc1. of the second mode deviates from that calculated according to equation (2) by:aboit ssrlr.
This deviation decreases down to 50ń ftł A,:0'1.
(iii) rn most of the cases observed up to nou,'. the oscillation frequency monotonically increases as the amplitudes becomes small. However, foi so-" breakup configurations! as in the last example shown, frequency modulation appears. In such cases the asymptotic analysis generally fails and can be applied only to the final behaviour of the oscillations.
(iv) The decay rate of the amplitude of the fundamental mode, zr, is in most cases quite well described by the exponential relation (8).
L arg e-a,mplitud e os c,illations of ti,quid, This 'oversensitiveness ' of the higher oscillation modes, caused by nonlinear mode coupling, is obvious if we notice that most of the oscillation energy is stored in the fundamental mode. Therefore even a small energy transfer between the funclamental and a higher mode changes appreciably the enórgy balance of the last one.
Summarizing, the asymptotic approximation óquations (7) anci (8) cannot be applied for the determination of the variation of the frequency of the first few consecutive oscillations after the break-off of the droplet. However, they describe well the asymptotic variation of the frequency of the łundamental mo<le for a 1onq enough series of droplet oscillations. As we mentioned earlier, there exists . p.u.;i;;j demand for a precise determination of the instantaneous values of'surface tensio' using large-amplitude droplet oscillations, and therefore it was necessary to develop a theorctical model taking in account all the nonlinear effects. As a first attempt, th'e full theory of the nonlinear inviscid clroplet oscillations will be described and its features compared with our experimentui fir.dir.g..
Nonlinear model for inviscid droplet oscillations
Although the theoretical analysis of clroplet oscillations for inviscid and irrotational fluid motion is generally of limited applicability for the stucly of real liquids, the usefulness of the invisci<l linear model iór the asymptotic description of the oscillations of low-viscosity droplets justifies our attempt to use an inviscid approximation for the nonlinear modelling. The numerical meihod we use is a leastsquares approximation to the kinematic and normal stress boundary conditions. The simple parameterization of the dropret surface (equation (5)) allows us a straightforward comparison of numerical results with the experimental data.
I. Mathetnatical formulation
We analyse the motion of a droplet of an inviscid and incompressible liquid in vacuum, or in a gas of negligible density. For simplicity our analysis is limited to the axially symmetric case. The movement of the suria." hu. been given by equation (5) . The assumption of constant droplet volume is satisfied by tile volume correction function d(l), given previousll. in equation (6) . In the foilowing calculations the maximum number of surface modcs /*u* is set to 6, found to guarantee sufficient accuracy at a still reasonable computation time (see Appendix B;. X'rom the kinematic boundarv condition at the moving surface it follows that u(r: R(0,t),0,t)'en@,t):tP",'e,(0^t), (t2) where, e,, lhe vect'or normal to the surface, is given by the unit, vectors e,andeuoł. the coordinate system in the following form: Re,_ (ÓuR) eo e:--n lfi,+(ad'ę)'];'
The pressure difference across the surface must be balanced by the surface tension. Assqming for simplicity zero pressure outside the droplet, the pressure at the droplet surface is given by p(r : R(0, t), 0, t) : -2rrH(0, t),
where H,the mean curYat'ure of the surface, is p(r,0,t) : p@,Q(r,0,t)-!pa(r,0,ĄY+ś(Ąrcos0+g(t))' (19) where g(t) is a time-dependent integration constant.
Co-tinitrg (5) and (11) ( Ascanbeseen,,:'::#:::::::'::":{.,':::::rl'j""_f u,n,,ed,J:: the equilibrium spherical droplet (as in the case of the linear theory) but on the deformed droplet surface R(0,t). This however is not automatically guaranteed by the assumed truncated expansion for the velocity potential (11). TLerefore, instead of looking for the exact solution of (20), we try to find 'the best fitting ' The minimization conditions (21) represent a system of linear algebraic equations (ayz,lac,o: 0)' from which the coeIfrcients c,u can be found as functións of the droplet shape parameters a, only: c,t(t): c,o@,(t),...,a,^u'(t)). In an analogous way the second boundary condition (15) is solved to obtain the unknown function q(t) and the accelerations cir(t) of the surface parameters.
S.ubstitution of the pr"..o." in (1a) by its representation given in (1g) and expanding the velocity potential according to (11) Finally the surface motion of the droplet is given by differential equations ' cit : F1(a2, ..., cL6, a2, . . ., du).
It can be shown that the linearization of (20) and (24) equation : wl\o I --ct(t-I) (t+2) and the function g(l) becomes a constant.
a set of five nonlinear (27) leads to Lamb's linear It should be pointed out that, the proposed method, solYing t'he dynamic boundary condition directly, is generally equiivaient to the Hamilton principle (Sommerfeld 1978) , which i. o.ouLly-o."d 1ń,o* eta'l.1989; Natarajan & Brown 1987) to obt,ain a, generalized dinereniial equation of the droplet, motion (like (27)) The problem is that the formal use of t-he Hamilton priirciple provides no information' like minimization error ff!"r, onthe accuracy -ittt -rti"rt the assumed parameterization of the droplet surface f.rinf. the boundaiy condition for t'he pressure (14)' For large oscillation amplitudes this is not guafanteed by the truncated expansion (5) anci erroneous solutions can be obtained'
The final ",,^,,!ł,,ni,:,:i:,:, -?,,,:,,::{,,::,:?,:,,.jju ""''",,""'," ill surface integrals resulting from (2r) and (28) (-l--) and total (-) energy of the droplet. The potential energy of the droplet in equilibrium is set to 0;time unit Ę is defined in the text.
are not too strongly manifested. However, to illustrate nonlinear effects better, we display in figure 9 several periods of the calculated and measurerl oscillations. The numerical calculations in figure 9 are compared with the experimental result's of figure 3. The calculation, performed for physical paramet'ers characterizing the droplet (radius, density and surface tension), begins at to:0.59 ms, defined by the moment when the amplitude a, reaches its first maximum. The initial values of a, ,(t) and rż'_'(lo), evaluated from experimental data, are (0.283' 0.017, 0.015, 0.006 ) and (0, -0.085' 0.109, -0.061) respectively, whereas au(fo) and rż,u(ło) are taken equal to zero. As we can see, during almost one period of oscillation the calculated trajectories of the deformation amplitude ar(t) agree very well with experimental data. For longer time, owing to damping the discrepancies of the amplitudes begin to be evident. However, both the period of oscillation (or, more aptly, the location of amplitude extrema) and the general form of ar(t) coincide very well with displayed experimental point's. It is also worth noticing the similarities with the experimental data manifested by the higher surface modes a,(l) and an(l). x.or example a,(ź) shows a frequency modulation which appears simultaneously in the experimental and calculated curves. Furthermore, the nonlinear behaviour of on(l) is characterized by an amplitude modulation, which can be observed for both curves in figure 9(c) .
Similarly to the experimental observations, in the calculated oscillations the nonlinear effects become most evident for higher (l > 2) modes.
To confirm the applicability of the theoretical model for the prediction of the surface tension of the liquid, the surface tension was calculated iteratively. The surface tension defines the characteristic time Ą needed for the calculation of the time derivatives of the initial velocities dr_u(to). We start the calculation at the point where dz: 0 with an arbitrary value of surface tension. Then, the first period of the calculated oscillation trajectory ar(l) is compared with the experimental data and a nerv value of the time unit Ą, hence of the surface tension, is used to calculate the velocities dr-u(td. Repeating successively calculations until the period of ar(l) does not change (three times was sufificient in our case), the final value of the surface tension is found. For the data of figure 3 the surface tension was found to be 22 mNr/m, this is, remarkably, closer to the physical value than the asymptotic estimate of 19 mN/m, obtained for the same data using the linear approximation of equations (7) and (8) 1r(r) :f5)t.
(A1) \s(t))
This modification, of minor significance in the present, study, allows the analysis of oscillations of evaporating droplets, which will become one of our next aims. Figure 10 displays two examples of time variation of the instantaneous relative value of a droplet radius evaluated from the experimental observations. The first example, figure 10(a), shows the typical effect of non-axially symmetric oscillations, not acceptable for our analysis; the second one, figure 10(ó), displays the radius variation for the droplet analysed in figure 4.
Appendix B
The numerical analysis of droplet oscillations we use is a least-squares approximation to the boundary conditions. The accuracy of this approximation depends on the truncation numbers /-u" and i-u" (equations (5) and (11)), and the maximal amplitude of the oscillations. To find the optimal truncation numbers control computations were done for the trajectories displayed in figures 3 and 9 by varying values of l-u* and z-u*. The initial values of a, and a, are given in $3.3. The calculations are performed for t'he first period of the fundamental mode keeping the relative accuracy per time step below 10-3. given in the last column of the table.
